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The links-nodes-blobs model
for shear-thinning-yield-stress fluids

Abstract A new model based on
fractal and percolation concepts is
proposed to explain the rheological
behavior of shear-thinning yield-
stress fluids. Suspension particles of
the fluids are described in terms of
the links-nodes-blobs (L-N-B) mod-
el. The complex suspension rheology
can be interpreted via the similarity
of the L-N-B model to the Rouse
chain model. Consequently, the em-
pirically universal relationship be-
tween the dimensionless shear stress,
T, and the dimensionless shear rate,
I', which was recently suggested by
Coussotas T =1+ KI" at I' < 0.3
and approaches Newtonian behav-
ior at I' > 50, can be derived in
terms of microscopic properties of a
suspension of the force-free parti-
cles, fractal dimensions of the per-
colation system, and the critical
lengths of the percolation system.

According to our study, a more
precise and more general universal
relationship, which fits experimental
data well over a wide range from

I = 1077-10%, is proposed as

T =1+4T + KI'". The parameter K
in the universal equation can be
expressed as a function of the
dimensionless cross-section of the
blobs, the distribution of links, and
fractal dimensions of the percolation
system, while the exponent # in the
universal equation is a function of
the fractal dimensions only. The
transition point of a shear-thinning
yield-stress fluid from shear-thinning
to Newtonian behavior was explic-
itly interpreted.

Key words Links-nodes-blobs
model - Suspension rheology -
Fractal scaling - Percolation

Introduction

Suspensions of mud, clays, coal slurries, and some
polymer emulsions are non-Newtonian fluids exhibiting
shear-thinning yield-stress behavior [1-3]. A yield stress,
7., needs to be overcome for the fluid to flow, and the
apparent viscosity of these fluids decreases with increas-
ing shear rate. This shear-thinning yield-stress behavior
is attributed to the breakdown of the weak network
bonding in suspensions. Conventionally, the flow curves
of these non-Newtonian fluids are empirically fitted with
the Bingham fluid model or more precisely with the
Herschel-Bulkley model for the low-shear-rate data.
Recently, the results of Coussot [4] showed that

structural similarity exists in clay—water suspensions
over a wide solid content range in the laminar flow
region with high values of the Peclet number. According
to the Coussot’s experimental results as shown in Fig. 1,
all the flow curve data for clay—water suspensions of
different volume fractions follow a master curve in a
dimensionless (I', 7) diagram as shown in Fig. 2. In this
regard, dimensionless shear rate, I = y,7/7., and di-
mensionless shear stress, T = 1/7., are proposed, where
7 is the shear rate, t is the shear stress, and g is the
viscosity of the corresponding suspension of force-free
particles. At I’ < 0.3, the master curve represents
a shear-thinning yield-stress behavior which can be
expressed as
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St-Bernard Water Suspension
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Fig. 1 Rheological data for St-Bernard sample-water suspensions of
different solid fractions, and the flow curve of water (solid line)
measured at 20 °C (taken from Ref. [4])
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Fig. 2 The dimensionless shear rate and shear stress (I, 7') diagram
of St-Bernard sample-water suspensions. The data are the same as
those in Fig. 1. According to the result of Coussot’s simulation [4], the
experimental data in the region of I < 0.3 are fitted with Eq. (1) by
selecting K = 10 and n = 0.31, respectively

T=1+KI" . (1)

Here K and n are material parameters which depend on
characteristic times of the rupture and restoration
processes, respectively. At I' > 50, the master curve
represents a Newtonian behavior, and the particles of
the suspension are separately dispersed in the fluid. The
dispersed particles in suspensions do not break down
further at much higher shear rates. In fact, the viscous
drag, which overwhelms the Brownian motion in the
laminar flow region with high values of the Peclet
number, dominates the segregation of particle aggre-
gates in the suspension [2, 4]. Owing to the complexity of
the suspension rheology, no strictly theoretical model
for describing this non-Newtonian behavior has been
satisfactorily developed.

A particle-filled suspension with a very low solid
concentration acts as a form of separate particles
dispersed in the fluid. As the solid content increases,

the interparticle interactions, such as the van der Waals
force make separate particles form aggregates in the
fluid. As solid content increases further, a tenuous
suspension network forms, and the fluid exhibits a shear-
shinning yield-stress behavior. The microstructure of
these suspensions is similar to that of carbon-black filled
rubber. It has been well documented in the literature
that as the filler volume content, ¢, is greater than the
critical volume content, ¢, carbon black exists as a
continuous networklike agglomerate structure. The
dynamic moduli of carbon-black filled rubber materials
are strongly strain-dependent [5, 6]. As the strain
amplitude increases to be higher than an apparent strain
€app> the network structure of the carbon-black filled
rubber system starts to break down. Concurrently, the
storage modulus decreases monotonically while the loss
modulus shows a peak, as a function of the strain
amplitude. This nonlinear dynamic behavior is also
known as the Payne effect. In the recent theoretical
developments by Lin and Lee [7, 8], the Payne effect
was successfully presented with the links-nodes-blobs
(L-N-B) model. In this work, it was demonstrated that
the L-N-B model can be applied to interpret the
rheology of shear-thinning yield-stress fluids. Notably
these two similar systems both exhibit the phenomenon
of structural breakdown under deformation; however,
the main difference between them is that the carbon-
black filled rubber showing the Payne effect is subjected
to a periodically sinusoidal vibration, while the shear-
thinning yield-stress fluids in the present study are under
deformation in a steady-shear flow.

The L-N-B model

According to Lin and Lee’s model, as shown in Fig. 3,
the filler’s network structure in the static state can be
described with the L-N-B model [9, 10]. The blobs are
randomly connected as an infinite network through
singly connected bonds (SCBs) (links) between the
blobs. During the progress of deformation, the blobs
are assumed to be entirely rigid so that they are not
deformed; however, the links are deformed under
tension, bending and/or torsion. The links even tend to
break off when some failure strain is attained. A blob
can be a dense suspension particle, a primary aggregate
of colloids, or a cluster formed by coagulation of
primary aggregates. The smallest-sized blobs correspond
to a dense particle or a primary aggregate. The links
correspond to tenuous network bonding between dense
filler aggregates. The smallest link corresponds to a
direct contact bonding between two dense particles or
between two filler aggregates. The chains made of links
and blobs are denoted as L-N-B chains. The connected
points among L-N-B chains are called nodes. The
average length of an L-N-B chain between two nearest
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Fig. 3 Schematic plots of a the filler’s network structure, and b the
equivalent links-nodes-blobs (L-N-B) model (taken from Ref. [7]). The
blobs correspond to dense filler aggregates that are not deformed
throughout the whole deformation process; a blob can be a dense
suspension particle, a primary aggregate of colloids, or a cluster
formed by coagulation of primary aggregates. The smallest size of a
blob is that of a dense suspension particle or a primary aggregate. The
links correspond to tenuous filler bonding between dense filler
aggregates. The smallest link corresponds to a direct contact bonding
between two dense suspension particles or between two filler
aggregates. The chains made of links and blobs are called L-N-B
chains. The connected points among L-N-B chains are called nodes.
The average length of an L-N-B chain between two nearest nodes is
defined as &,

nodes is defined as ¢,. Macroscopically, for a length
greater than ¢,, the system is uniform; however, for a
length shorter than ¢,, an L-N-B chain is not necessarily
formed. Hence, ¢, corresponds to the critical length of a
percolation system. ¢, is finite as the filler volume
content, ¢, is greater than the critical volume content,
¢., and ¢, approaches infinity as ¢ — ¢.. Based on the
Kantor and Webman Hamiltonian [11], Lin and Lee
[7, 8] have proven that

AN |
s L - —— —_— —
(L) <2dG+dQ> L

it = (M2 1),

(2)

G d (3)

where ky(L,) is the average force constant of an L-N-B
chain with L; SCBs; &(L;) and &, denote the failure
strain of the L-N-B chain and that of an SCB,

respectively. G and Q are local elastic constants
corresponding to the change of angles between SCBs
and the longitudinal deformation of an SCB, respec-
tively; G is controlled by the matrix around fillers, and
Q is controlled by the van der Waals force between
fillers. The length of an SCB is a. The FEuclidean
dimension of the percolation system is d. The average
number of SCBs between two blobs is denoted by m.
Moreover, the macroscopic stiffness of the percolation
system, k., can be correlated to the microscopic force
constant k(L) by

ke =& k(L) dL

Li=
2 2\ !

2_q [ Mma a 1
= ——+—— 4
(5 i0) @ @
where fi(L;) is the density distribution function of
the number L; of SCBs in the L-N-B chain with
f;lef](Ll)dLl =1, érz)_d correlates to the size of the

unit cell, and (L) is the harmonic average number of
SCBs in the L-N-B chain, i.e.,

<L1>:( h MdLl)_l . (5)

=1 L
&(Ly = 1) in Eq. (3) is defined as the apparent yield
strain, e,pp. Once macroscopic strain is greater than ey,
the filler network system starts to break down. There-
fore, from Eqgs. (3) and (4), the apparent yield stress of
the percolation system, 7., can be expressed as

_ QSb 1
Te = Kebapp = ff) d?m ) (6)

where Qg /a® is the failure stress of an SCB bond, and (L)
is controlled by the L-N-B chain distribution in a unit cell.

For a suspension, with a particle volume content
¢ > ¢, under simple shear deformation, the original
suspension network structure breaks down as shear
stress T > 1., and the suspension starts to flow. During
the breakdown process, the critical length of the
percolation system, &, increases from a finite value to
infinity in the initial unsteady state, and then &, goes
down to a finite value as a steady-shear-flow condition is
attained. In order to distinguish the critical length of a
suspension system at static conditions from that under
steady simple-shear-flow conditions, the former is still
represented as &, (Fig. 4a), while the latter is written as
¢g (Fig. 4b). According to the original definition of the
L-N-B model [9, 10], there exists only one L-N-B chain
in the repeated unit cell of size ¢,; however, for a
suspension under steady simple shear flow, there may
exist a group of broken L-N-B chain segments with
different SCBs in a repeated unit cell of size ¢, (Fig. 4b).
Moreover, the size of ¢, decreases as the shear rate, 7,
increases, and finally approaches a constant value as all
L-N-B chains are broken into blobs.



1022

@

o:{\w

©

Fig. 4 The critical lengths of suspension systems with a a suspension
particle volume content ¢ > ¢, in the static state (a continuous
suspension network formed), b a suspension particle volume content
¢ > ¢, in the steady-shear-flow state (the continuous suspension
network broken down), and ¢ a suspension particle volume content
¢ < ¢, in the static state (no continuous network formed)

For a suspension system with a particle volume
content ¢ < ¢, no continuous filler network structure
forms in the fluid (Fig. 4¢). Similar to a suspension with
¢ > ¢, under steady simple shear flow, there may exist a
group of L-N-B chain segments with different SCBs in a
repeated unit cell of size &j.

Fractal similarity between the Rouse chain fluid
and the L-N-B chain fluid

The rheology of an L-N-B chain fluid is too complex to
be solved analytically; however, the L-N-B chain fluid

model can be correlated to the Rouse chain fluid model
through their fractal similarity [12-14]. For example,
a fractal aggregate of size R formed by the number N
of random agglomerated particles having the particle
diameter a, obeys the following relationship [14]:

N = o (15)Dm1 , (7)

a

where o) is a proportionality constant, and Dy, is the
mass fractal dimension; Dp; =2.2 ~ 2.9 for carbon
black and D, = 2 for a Rouse chain.

For a dilute Rouse chain polymer solution under
simple shear-flow conditions [15], the average value of
the squared end-to-end length of a Rouse chain, (r?),
can be correlated to the shear rate, y, as follows:

1 2
. _1+45N(N+1)(N2+1)<2> D (8)

where (r?)¢q is (r*) in the static condition, N is the
number of beads in a Rouse chain, &, is the friction
coefficient of a bead, and H is the spring constant of
a spring in a Rouse chain, respectively. Therefore,
for large N, the strain of Rouse chains

2:;;22 — 1~ N?%j. In analogy to the Rouse chain,

blobs in an L-N-B chain like beads in the Rouse chain
are exerted all drag force by the fluid. Therefore, in this
situation, the strain of L-N-B chains with L; SCBs is
proposed to be

e

$o

Hy N

o(L1) = L7* - 7 9)
where Hj n.p 1s the force constant between two connect-
ed blobs, H.Np =~ ks(L; =m), and D, is a fractal
dimension (D, =2 for the Rouse chain system). The
spring constant, H, of the Rouse model is of entropic
origin, and it is proportional to the absolute temperature
[16], while the force constant of the L-N-B model is
controlled by the local elastic constant, G, of the matrix
around fillers and by the van der Waals force constant,
0, between fillers, as given in Eq. (2). The temperature
dependence of the force constant has been discussed by
Lin and Lee [8].

According to Eq. (3), an L-N-B chain with L; SCBs
will break off if the strain ¢ > &(L,). Therefore, when the
simple shear-flow system is driven at a shear rate of y, from
Egs. (3) and (9), all the L-N-B chains in the unit cell of size
& obey: L =) < %
imum size, L,, of L-N-B chains in the unit cell is written as

1
Oep . . 1 \T
o (@)

ma?

+ Lj &p; therefore, the max-

(10)

According to Ferry [16], the viscosity, #, of the Rouse
chain polymer solution can be expressed as
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N 36 (11)
where 7, is the viscosity of the solvent, #, is the number
of Rouse chains in a unit volume, and ap is the bead-to-
bead length between two connected beads in a Rouse
chain. N and &, are defined in Eq. (8). The second term
on the right-hand side of Eq. (11) is attributed to the
Rouse chains. Furthermore, if all the Rouse chains are
broken down into separated beads suspended in the
fluid, the viscosity, n, of the corresponding suspension
of the force-free particles can be written as

n= ’70+’71“R

(12)

where nr is the apparent density of beads in the fluid.
Then, Eq. (11) can be rewritten as

N > €o
UR Nn0+nTaR% 5

(13)

In analogy to the Rouse chain system, the average
viscosity in a repeated unit cell of size ¢, of an L-N-B
chain system can be expressed as

N~ ’75‘5‘61121%(”1N2 _nT) ,

N+ & lal fg (21 -2y, (14)
where
L, b
Ly, 7))Ly for L, > 1
> LIZZ:IQI( 1,7)Ly* for L, > (15)
p) for L, <1,
Zgl Li,7)(Ly + 1) (16)

In these expressions, D, is defined in Eq. (9), Dy is
a fractal dimension which correlates the number of
blobs, ng, in an L-N-B chain to the number of SCBs
of the L-N-B chain ng(L;) ~ (L, + 1), and D, = 1 for
the Rouse system), ar is the blob-to-blob length between
two connected blobs, g;(L;y) is the number of L-N-B
chains with L; SCBs in the repeated unit cell under a
shear rate 9, and #, is the viscosity of the corresponding
suspension of force-free particles. £; corresponds to the
sum of the squared radii of the L-N-B chains in
the repeated unit cell of size . In addition to this, X,
is the number of blobs in the repeated unit cell. Since the
average properties in the repeated unit cells with
dimension greater than or equal to ¢, are uniform for
a percolation system, the apparent blob density, n,
defined in Eq. (12) can be expressed as

nt = f;dz:z . (17>

To combine Egs. (14) and (17), the viscosity of an L-N-
B chain system can be simplified as follows:

<o
7]~'75+”Tai36 __1 .

The universal relationship between shear stress
and shear rate

The contribution of viscous force of the L-N-B chain
fluid to the shear stress , 7, of flow is equal to the product
of the viscosity, 1, and the shear rate, . The flow of a
shear-thinning yield-stress fluid happens at a shear stress
T > 1., and moreover, the shear stress builds up with
increasing shear rate. Under such circumstances, the
contribution of both the viscous force of the L-N-B
chain fluid and the elastic force of the tenuous network
structure to the shear stress of flow are assumed to be
additive, i.e., T = 1. + 7. Therefore, the contribution
of the viscous force of the L-N-B chain fluid to the
dimensionless shear stress, 1/7., is given by using
Eq. (18) as follows:

ﬂ_ﬂ%&uw(&l)’

Tc Tc Te Te

(19)

where the dimensionless drag stress (nTai%)}) /7. corre-
sponds to the ratio of the stress generated from the drag
force on separated blobs to the critical yield stress.
According to percolation theory, X, /Z, corresponds to
an average squared radius and can be expressed as a
scaling function in the form [10]

&—é DC\P(g > [Lfc for L, >> 1 ’
g

)} 1 for L, <1 (20)

where W is an arbitrary scaling function, L, is defined in
Eq. (10), and D, is a fractal dimension.

Since the viscosity, #, of suspensions of force-free
particles is much larger than the solvent viscosity, #g,
Eq. (12) reduces to 7, ~ nrax ig, and the dimensionless

dragstress (nra; §g 7)/7¢, as defined in Eq. (19), reduces to

2 &o

nTaL 36)) 7157) _ 1—~ ) (21>
Te Te
Moreover, from Egs. (6) and (10), we have
D¢
2 Da—1
e, [ nrap (Li)
L,) ‘~ —T 22
( ") (3652(1 m ? ( )
where the dimensionless group nra? / 365 4 corresponds

to the effective cross-sectional ratio of separated blobs in
the unit cell, and (L;)/m is attributed to the L-N-B chain
distribution, respectively. Equations (19), (20), and (22)
prove that the shear-thinning yield-stress fluid systems
obey a fractal scaling law in that the dimensionless shear
stress, 7, varies as a function of the dimensionless shear
rate, I'.
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Under the condition that L, >> 1, Eq. (20) reduces
to %—; = L?C, and Eq. (19) can be rewritten as

. . 2 E .
r—rc_ﬂ%@_FnTaLg—%V (L?C—l)
Te T¢ Te T¢ / (23)
S nwfﬁ—%j} D
zi_i_i- L«»C
Tc Tc !

Combining Egs. (21)—(23) yields the following universal
relationship:

D¢
2 Da—T
T nrary, <L1> Da—Dc—1
T=—=1+T1T+ 7 T ot
Te (36512)" m (24)
=1+T+KI" .

In these expressions, the parameter K in Eq. (24),
D¢

mrap (L))

365,74 m

corresponding to K = < ) , 1s a function of

the dimensionless cross-section of the blobs, the distri-

bution of links, and the fractal dimensions of the

percolation system, as defined in Eq. (22); the exponent

n in Eq. (24) is a function of the fractal dimensions as
1

n = DazDe—l

Thgdcloussot equation (Eq. 1), applicable at I" < 0.3,
is just a limiting case of the general universal equation
(Eq. 24). According to Coussot simulation [4], n is about
0.2-0.3. In the region of I" < 0.3, we have I' < KT, and
Eq. (24) reduces to Eq. (1). In order to test the applica-
bility of the newly proposed universal relationship, the
same experimental data by Coussot, as shown in Fig. 1,
are fitted with Eq. (24) by using the same values of
parameters K and n obtained from the Coussot’s curve-
fitting of Fig. 2, and our result is shown in Fig. 5 for
comparison. It is found that our proposed universal
equation in a modified form fits the data well over a wide
range of dimensionless shear rates from I' = 10~7-103.

At high shear rates such as L, < 1, all L-N-B chains
in the fluid break down into separated blobs, the fluid
becomes a Newtonian fluid, and Eq. (24) reduces to
T =T. According to Eq. (22), such a transition occurs
at T~ 219 (L)

3657 m

Conclusion

The breakdown of the weak network bonding in a
suspension fluid has been described with the L-N-B
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Fig. 5 The experimental data of St-Bernard sample-water suspen-
sions which are the same as those in Fig. 2 and the fitting curve from
Eq. (24) using K = 10 and n = 0.31

model. By using this model, the yield stress, 7., which
needs to be overcome for the fluid to flow, corresponds
to the stress that is required for the deformation of the
L-N-B network structure to attain the apparent yield
strain, &,pp. Instead of directly interpreting the complex
rheology of an L-N-B chain fluid via solving the
constitution equation of fluids, the fractal similarity
between an L-N-B chain and a Rouse chain is applied
for the microstructural study of the rheology of an L-N-
B chain fluid. By using this new approach, we demon-
strated that shear-thinning yield-stress fluids obey a
fractal scaling law in that the dimensionless shear stress,
T, varies as a function of the dimensionless shear rate I'.
Moreover, we proposed a universal equation in a
modified form, T =1+T +KI". Coussot’s model,
which is applicable at I' < 0.3, is just a limiting case of
the newly proposed universal equation. The parameters
K and »n in the universal equation correspond to

2 Da-T
K= (”TaL @> and n = %, respectively. When

36¢,¢ m

plotting the dimensionless shear stress as a function
of the dimensionless shear rate, the transition of a
shear-thinning yield-stress fluid from shear-thinning to
nraj (L)

36,7 m

Newtonian behavior is seen to occur at I' ~
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